Let (A,m,k) be a one-dimensional Noetherian local ring of characteristic p (p > 0, a prime number) and assume that the Frobenius endomorphism F of A is finite. Further assume that the field k is algebraically closed and that it is contained in A. Let B denote A when it is regarded as 
This gives a best possible generalization of Korollar 5.12 of [5] . In fact we will give by Example (2.8) that, for every integer n > 2 and for every perfect field k of positive characteristic, there is a one-dimensional Noetherian local ring A which satisfies the following conditions: (1) The Frobenius endomorphism F of A is finite. (2) Of course, for n > 3, this ring A is a counterexample of our question.
2. Proof of the theorems. Let M be an /1-module. We denote A/ by B M if we regard M as a 5-module.
Lemma (2.1). Let E be an injective A-module. Then Hom^ (B,E) = BE as Bmodules.
Proof. We may assume that E = EA(A/p) (the injective envelope of A/p) for some p E Spec A. Since Hom^ (B, E) is an injective fi-module with AssB Hom^ (B,E) = {q} (a denotes p as an ideal of B), we can express Horn,, (B,E) = EB(B/q) for some integer n > 0. On the other hand, as
Ap %A Horn,, (B,E) = Hom^ (Bq,EAp(Ap/pAp)) and as the latter is isomorphic to EB (Bq/qBq), we conclude that n = 1. Corollary (2.5). Suppose that A is a UFD. Then (1) A is a Gorenstein ring for every prime ideal p of Â such that depths! < 1.
Thus Â satisfies the condition (S2). as .¿-modules [7] . The canonical module is uniquely determined up to isomorphisms for A if it exists. A canonical module is called a canonical ideal if it is contained in A as an ideal. It is known that A has a canonical module KA if and only if A is a homomorphic image of a Gorenstein local ring R (cf.
[9]). In this case KA at Ext^ (A,R) where t = dim/? -dim A, and A is a
Gorenstein ring if and only if KA at v4 [7] , [10] . Various properties of canonical modules are discussed by [7] to which we shall often refer in this note.
Lemma (2.6). Suppose that dim A = 1. Then the following three conditions are equivalent.
(1) Horn,, (B,A) s B as B-modules.
(2) A is a Macaulay ring and the total quotient ring of A is a Gorenstein ring. The ring A has a canonical ideal and, for every canonical ideal K of A, the ideal K^p' is again a canonical ideal of A. (Here K^p' denotes the ideal of A generated by the elements of the form xp with x G K.) (2') A is a Macaulay ring and the total quotient ring of A is a Gorenstein ring. The ring A has a canonical ideal K such that the ideal K^p' is again a canonical ideal of A.
Proof. Suppose (1). By (2.4) we see that depths > 0 and hence A is a Macaulay ring. Moreover since Hom^-(B,Â) sfias ¿-modules, the total quotient ring of Â is a Gorenstein ring by (2.4). Thus the total quotient ring of A is a Gorenstein ring and the ring A has a canonical ideal (cf. [3, Theorem] or [7, Satz 6 .21]). Now let ^ be a canonical ideal of A. Then BK Horn^ (B,K) by 5.19 of [7] . Hence, by the assumption, there is an isomorphism BK = Hom^ (Horn,, (B,A),K). On the other hand, we have UomA (B,A) ai WomA (KB,K) by Korollar 5.9 of [5] . Thus BK ss Hom^ (Hom^ (KB, K),K). Since KB is a Macaulay A -module of dim^ KB = 1, we have by Satz 6.1 of [7] that Horn^ (Horn,, (KB,K),K) = KB. Thus BK ^ KB as fi-modules and so the ideal K^p' is a canonical ideal of A, and we have verified the statements in (2). Obviously (2) implies (2'). Proof of Theorem (1.2). We may assume that A is complete. We denote by Q the total quotient ring of A and let AT be a canonical ideal of A. Then K^p' = aK for some invertible element a of Q, since K^p' is again a canonical ideal of A by (2.6) (cf. [7, Satz 2.8] ). Now let us define a map /: Q -» Q by f(x) = xp/a. Then / is a so-called /»-linear endomorphism of Q (cf. Hartshorne-Speiser [8] ). In the following we will preserve the definitions and notations of §1 of [8] . Since K is an (^,F)-submodule of Q, the module Q/K becomes an (A,F)-modu\z so that the sequence
Suppose (2'
is an exact sequence of (^,F)-modules. Therefore, by Theorem 1. In the following we will show that ¿/( < 1.
Assume that d¡ ¥= 0. Then, by a well-known lemma (see [1, p. 233] ), there is a &-basis (ex, e2,...,ed.) of (A¡)s such that (**) e/ = a¡ej (j = 1,2, ...,d¡).
Note that every e, is a unit of A¡. (If not, e} is nilpotent and therefore, by (**), e} = 0.) Hence we have a, = ef~l = eP~x(j, h = 1, 2, . . . , d¡). Thus, for everyy and h, we can find i^A G k so that «jj~ ' = 1 and ujh -e}/eh E m¡. But as Ujh -ej/eh = (uJh -ej/ehy, we conclude that uJh = ej/eh and therefore e, G keh. Thus d¡ = 1 and we complete the proof of the first statement. Now consider the second one. We put p¡ = m¡ D A for every 1 < / < n and assume that r(A) = n(> 2). Then we have that Ks = Qs (= ©;_,(/!,),) and that (A¡)s ¥= (0) for every 1 < /' < n, since dimkKs = dimkQs = n by the assumption. Let {^,}]<,<n be a family of elements of Ks such that 0 # x¡; E At:. Then we have that x¡X: = 0 if / # _/. Moreover x, G />. if /' # y, since /1A = ^4 for every 1 < h < «. Of course {xx,x2,... ,xn) are linearly independent over k and therefore Ks = 2"=i £■*,-■ Thus we have that K = (xx ,x2,...,xn) by Nakayama's lemma, since A^ = K/mK. In the following we will show that K = (xx) © (x2,... ,xn).
We put x = xx + x2 + • • • + xn. Then x G U,n=1/»,. (If not, x¡ G /7( for some i and hence K = (x,,^,... ,xn) C /»(. But this is impossible since the ideal K contains a non-zerodivisor of A.) Therefore x is a non-zerodivisor of A. Leí y be an element of the ideal (xx) n (x2,... ,xn) and express _>> = c,Xj = £2*2 + " ' " + cnxn ^or some c, G ^-Then yx = (cxxx)(xx + x2 + ■ ■ ■ + xn) = {c\Xx)xx = (c2x2+ ■■■ + cnxn)xx = 0, and so y = 0 since x is a non-zerodivisor of A. Thus we have that K = (xj) © (x2,... ,xn). But this is impossible, since K is indecomposable as an A -module. (Cf. [10] . The terminology "a Gorenstein module of rank one" is another name of the canonical module.) Hence we conclude that r(A) < n and we have verified the statements in the theorem.
Example (2.8). Let n > 2 be an integer and let & be a perfect field of positive characteristic/». Let P = k[\Xx,X2,.. .,Xn\] be a formal power series ring and let a denote the ideal (X¡Xj/l < i <j < ») of P. We denote P/a by A and put x¡ = X¡ mod a. Then we have (1) The Frobenius endomorphism F of A is finite.
(2) a= n"=xq¡ where q¡ = (Xx,... ,X¡,... ,Xn). Hence the ring A is reduced with dim A = 1 and # Ass ,4 = n. Of course, for n > 3, the ring /I is a counterexample of our question.
